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theoretical model. In this study, a more complex, two-dimensional barotropic quasi-geostrophic model is adopted to

investigate the reliability and efficiency of P-CNOPs. The theoretical rationality of P-CNOPs is demonstrated from the

dynamical and algebraic perspectives. Numerical experiments show that P-CNOPs provide equivalent forecast skill to S-

CNOPs ensemble forecasting, but the former has considerably higher computational efficiency than the latter, resulting in

notable savings in computational resources Therefore, P-CNOPs is a potentially efficient algorithm for computing O-

CNOPs in complex models, and it is expected to be widely used in practical, numerical weather prediction models in the

future.

Keywords Ensemble forecasting, Initial perturbation, Orthogonal conditional nonlinear optimal perturbations
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BUE KA TR (Numerical Weather Prediction,
fRIAR NWP) [ 4% 7 72 SR i 52 % I 1 23 77 R 45 (1) 4]
A 1) R ARTAT, UL i 22 A Bk} R AL 77 V2 1 R PR
PEAE VTG S T AP R R 2 o BB B A n] ik
R AEER IR ZE . RARRG R —MREHERS, H
XAMER R, BASENIRLEAN e,
TLAE=ANRE, RS 5 4 1 S — T e
TR AF BRI A € (Lorenz, 1963; Palmer et
al., 2014; Du et al., 2018). & TR 7] LLE & Al 1t
TS5 R BN E I, 45 H RS S AR SRR
AHIMEZR A o RS TR R — B o 1 Tl
[ HEZE TR A AR AT S AR B bR, AT
RIE X — AR R OSSR CRLA AR, 2010),

Z MRS TR Y rs S in—4AA
RIS, e —HYME, o YIES S —
HEG T A, WA REG T IIRMES S
BEE. Horh, SEA TP A B 5 — T e 1 T
TR EE TS A S HUEH T BT ks R
AT ETE: Sa RO Rt 7 BER TR, e
(5] FH P 6 R A A PR I 2 e TR 3Rk M AT
X R A A AR A P A e SR SR AR ) B S
(Yamaguchi et al., 2012; Palmer, 2019).

B A TRV P A OT1E R SR R S
Tiifft (Monte Carlo Forecasting, &% MCF; Leith,
1974), HAEWIWG i B2 A-BENsh =4
AR, LR AR SR I 2 K AOIRAS AR 2 20 A
2 J5, Toth and Kalnay (1993) f§H KA 445
WA EHF T EE IR 5E e, $&t 75
#V% (Breed Vectors, fij#R BVs), R 1ZI7i%M
& BN R PR K R g P sh . R — B, R
oA K S iR o0 (European Centre for Medium
Range Weather Forecasts, & # ECMWF) X H #F

5 7] &8 7% (Singular Vectors, i #% SVs; Lorenz,
1965) AT 55 &£ & 4k JF 48 T B K )
(Buizza et al., 1993) . & 5 i) & & M) 4 V5
e ) — 2 B ) BRI KRB . (R
RARBH KRAMEBEERGERIFELMEIN RS, T
SVs & A R i e I KR 3h, R AE 2Rt
Ja BR 4 ( Anderson, 1997; Hamill et al., 2000; Duan
and Huo, 2016).

HTF SVs LM RBR M, Muetal. (2003) ¥
H— SV HE BRI, SR TSR RS I
3tz (Conditional Nonlinear Optimal Perturbation,
fEFK CNOP) Jji%. CNOP {3 T R4kt i v 1
KR vIEIEE . CNOP J7i Ll iz N+
KA W S RSO AS A A 1E AT SRR PR AT
L5 (Duan et al., 2004, 2018; Mu et al., 2009; Chen
etal., 2021; Feng et al., 2022; Qin et al., 2023; Jiang et
al., 2024).

BtiJ5, Jiang and Mu (2009) H CNOP # #t 58
— SV IMRFFHAR SVs ANEE, A& Tk 4I4A
Wahl, $&m 7 SVs J7 5t B £ & Pl £ 15
(Jiang et al., 2009) . HE— A, 2 & RAH B A7
IVIEE BN AE S & Ttk 1 A F 1%, Duan and Huo
(2016) FPrA 1) SVs ] B AU, =T
1E3Z CNOPs (Orthogonal CNOPs, f&j# O-CNOPs)
Jivk. 5 SVs #1 BVs AL, O-CNOPs J7iAfEHE
£GPk 77 2 A E R H (Huo and
Duan, 2019; Huo et al., 2019; Zhang et al., 2023) ,
FIRBFFER T O-CNOPs J5 v 7E # i 4 & Tk 35
T3 77 T () 5P AT AL

1 Duan and Huo (2016) W] 13K f# O-CNOPs
P A% G 77 15 NP 5% (S-CNOPs),  HosK fig
WM ERERAN RS E T, RS
ORI R A R KA R LB, 15 B —
CNOP (HI4:J& CNOP: Mu et al., 2003); HIK7E
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55— CNOP IEAZ I F 25 [ H, SR & 20 2%
PR3, 32158 — CNOP; AJETES % —
CNOP FI%5 — CNOP IEAZ [ F =5 (R, SR i 2
ARG AL RE, 1355 = CNOP; IXFEKIX
NP SR ff, B9 3 — M B IE s itsh. W]
CAF H I A SR AR S T R A PR, AR
M. T2, Maetal. (2025) 27 —Fh3ET
HAT BAESR i O-CNOPs #t8h 111771 (P-CNOPs),
B 1% 7532 T LORENZ-96 #3520 [ 4 & T AR
g5 LR B P-CNOPs KR/ T O-CNOPs 3/ 1)1t
HEE, 5 S-CNOPs A #H 24 114 & Tk K,
$Eim T O-CNOPs Jj A AEER A TR A (13 FH 1

SRT LORENZ-96 e — /M B[ B 30 /)
SRR, AR SR SR 2R I 4 T o R A
A, WFF P-CNOPs 7R 2 A # M R A E S
o P A R RO 5, T R SRR B R S TR
PRt — P A 5B T TR s X ) 5 A T
o JAh, WEFAR AT BNIA M 45 SV E 3D
I 8 1R K /I B A A B 18] f K 46 % (Toth and
Kalnay, 1993; Buizza et al., 2005; Descamps and
Talagrand, 2007), & #EAE W 2 520 4 & Tk
BI5H 8L 2 (Daron and Stainforth, 2013; Scaife
etal., 2014; VEM-FIBHEE, 20190, Rk, A SCERXT
TR R AR AL, R A& S S-CNOPs
FEAEMIIAIRED, 1T S-CNOPs BUf5 f: i 55 4 Tk
IR IS B E (WIIERBIIRNE . A [ A4
AFEARBIBUE) H AT IR F 58, 285 KA P-
CNOPs =¥ W1 a5, FEEAT R A Tk, %
%% P-CNOPs fI& M. B 20 A 25k

KL R B /N IR S-CNOPs
FI P-CNOPs [JFEAJF B, 55 = /NI 4k 1E &
AEH LRI, 3 DY /N3 AT S-CNOPs 42 & il i ik
56 R R A3 b, 3 H/N T AT P-CNOPs 426 Tl
WRK:, 5 S-CNOPs 24 TR 45 347 5% e 4y
B, 7S/ BEE S .
2 FHENA

IERZ %A AR M R #E8) (O-CNOPs; Duan
and Huo, 2016) & —Fp #H Z 1)L & TR W iR 30 77
P, AT B4 O-CNOPs 1 3h A% S8 i 55
% S-CNOPs J H.I4T 5% P-CNOPs.
2.1 2.1 S-CNOPs

e KA U A2 w] LA R A AR 26

Wy T REH R IA
oU
{E = P(U(x.1),
Ul;= = Uy,

Q)]

Hib, Ut =Ux,0,Uxx,0),- , Uy(x,1)), Q& n
YeS [BR )T, ¢ AERTE], TR&RFHREZ], x=(x,
X2, X)EQCRY, t€[0,T), wRAILMMYHE T,
Up WIIRIRAS o Bk M, R ITHEH (1) HHEZ M
FEREHE T, WHERZI T HFEA (D FIEE M T B
TRAH:
U(T) = Mr(Uy). 2)
B uo VIS, AW IE B uo 7E I Z)
T (FELRME R B J(uo) 7T AR IE A
J(uo) = |M7(Uo +uo) — M7 (Up)ll¢» (3
HoA pRFR&IERZIVEE, (3D BRI RBYIGE
g 5| S B TR RS 275 25 Mr(Uo) B 25 KA
¥ T+ FiAFEIR, Duan and Huo (2016) & X
O-CNOPs:
MR w75 2 <

J(ug,) = max || M7 (U +uoj) - Mr(Uy)|| - (4)
L]

A,
 [{mos e B [fuo; < 6} j=1
’_{hmjeRﬂwmAL<auWLQbk=L1~-J—1}j>1
(5
2GR BN ug;, 5 j A~ CNOP. X H Qe it
TR, 59 L7 ARIERL, w
TN Q) — MRS, IR A6 I 2L
o], < BT WE A B 5 B2 S R SRR S O R
MEFE, REWHEIMANAR A H Rl E T
A, B— (&) CNOP ZEEA M= BA &
KL R BERYIEINS) (Mu et al, 2003), 5
— CNOP &£ 55— CNOP IEAZ ¥ = [H A #ix
KIEG MR R WIaI s, i, 2 4~ CNOP
FEAESHT j—1 4 CNOPs 1IEAZ 0145 18 B ek
L8 KBV 5N . 1X 2 CNOPs J& A B IEAS
1), HIX Be 3 3 i 45 26 1 K R W 2 T B A
J(CNOP/)>J(CNOP;)>- - >J(CNOP,).
A SCAE R #5206 FE AR AL B (Spectral
Projected Gradient, f&#KX SPG2; Birgin et al., 2000)
TH5 O-CNOPs #3). Bk, & /a5 M wIihk
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HMEEERAKX (4 FLFREME, H SPG2
WE LT — CNOP; H ik, ¥ 5% — CNOP
IERZ T2 N BT A YIERSIE N AR (9 1
25k, KA SPG2 AL 1T H 28 — CNOP;
K, KB 5%— CNOP fl% — CNOP IEXZH) 15
6] 9 B BT B RIAR R E N Ak R (4) B2 R %%
fF, THHEZE = CNOP; LA, BAKM, HA&
R —HAMHEIEAR . fE5 H 72 A R R
MR EIIMIMRI S, BIf33] O-CNOPs $t3)).
2.2 P-CNOPs

i 2.1 /N A&, O-CNOPs #3047 44 i
BASKRME, B ER ER AR, R MR
i NTIRETERE, Maetal. (2025) T I

1T AR T — MR O-CNOPs #8380 1 = s vk
wcmwwo@ﬁ& B 0% [ B it — 2 IEAS 1 2%
AR B RSN, W T RIS, FRIK T KRAE
AP BN I T S 1R AR . P-CNOPs J7 2 [ 3 A
BARFIF 2P (1D

(D Wiaath: & BRIGERSNE M, Phsh4
WAE 6, BRIERPE K, EVIIEHRSNAE 2 H]
%%*ﬁ&ﬂ%Ei%%ﬁ@Nb—uz ME
%m%ﬁ,/ﬂw@*EmE#Mﬁmﬂzr
1,2, ,M)EHug})”i <6(j=1.2,,M),

(2) EHVIEREh A FADVIEI i E R
ﬁ&%ﬁﬁ@ﬁ%ﬁﬁﬁﬁﬁﬁﬁﬁﬁ%,w

u® = %D

0] = 1, X VI ), (= 1,2, M),

HW“‘ 2
(6
Hrp, kfRERERDE, o 2HESH, HTIAEE
P, VIR HFR BB, IVIIRBE I Ly
B¢
(3) IERA Lo X0 (2) Fbh B R 3
JE EIRI AR B B = 1,2, M) RIE A A4 28 I
HRENERLH, wﬁx%uwmiﬂ,ﬂa M)
Afg|| <66 =12, m).
(4 ézlt/ﬂtr: 46 4 B )= 1,
TR LKA P -Jwg)| <e
&%kK‘E¢,sﬁsEt%ﬁ I3 AR IE B
IEAPEAN — MR/ BRI . AN 2 2 1B 2% A
EE (2) f (3 FABEE. R R 2k &0,
M*&ﬁﬁﬁ%ﬁ%ﬁ&ﬁmszﬂﬁﬁmﬁm,

GERFET .

M BRG] BLE H, P-CNOPs 72 2% T
FATIIEAR, 7[R — B 20— A a3 51 AT
BEEEOLAL T Er, SR a0 T S s kAT IR 5S4k
M HRALHE, ZIRIGH XN IERE, TEACA S AT [F]
INf 4 — RS AL sh, ks> 7ok E A,
P T AFE SR . P-CNOPs [ AL B 1 s .

3 #EARANAE

ARSCR AT — e e E YA IE IS A T

oP
—+0(P,P)=0,
5 T(@.P)

P=V2®—Frd+ fy+ fohs, 0

D= = Do,

Hrf, PRENMHBIRE, O RIMEREL b EME. 1T
BRE BT EE Fr=0.102, £ K86 =100.

V2 = 0% /0x% + 0% 0y? PR T E T, x Ay S 4l
ML Aa bR, ¢ RN, KPR ELE T o(0, P) =
D Py~ DyPy o XIFHQ=10,X]x [0, Y1 EA X il F
ZAt, XA Y ARE L R [ AR BRI B K TE . X6t
TALRG 2 M )1 > OFIHI AR 26 A Do = Do, K
R (7)) v LA B R B D(x,y,10) . B MARTER
L AR E T, W D(x,y,t0) = M, (D)X K T7 2
(7) TEBT Z " f# (Mu and Zeng, 1991) . 1IE &
EH AR AR — N IR, O 2 N TRl i
i PE AN A TR AH OC ] B T (Cheung and
Chan, 1999; Mu and Jiang, 2008; Durran and
Gingrich, 2014; Feng et al., 2016),

ASCHE R, R (7 iR b B
Tk T ik 22 e i 2, ek A R LBE R H
Arakawa 3 B 2% 70 k% 5K, B 1A) B HOCR B Adams-
Bashforth #% i ( He and Sun, 2007) . X I Q=
[0,6.4] x [0,3.2]%] B F [0,6400 km] x [0,3200 km], ==
M EEd = 0.24H24F 200 km, SRR S 80H 32x16,
i 18] 25 K N de = 0.00648 24 F 10 min. % Mu and
Zhang (2006) 1T IE RS H AW E 77 =,
A % B @ = 0.5sin(2nx/6.4) + 2sin(2my/3.2) + 0.5H
WITE %A, he =0.112[sin(4my/3.2) + 1O N HBTE, A7
NHRE (D BREEHELHEARE S HE O(xy. 1),
PEI R e — A G TR M AR 3l R 4
AT TR R E KA. ASCRIEREREA Bid
SRR B IE R AT S A TiRose .

in2x10,1o],
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—HBEHLIERHIN S u )

(j=1,2, ... M)
v
0 D (k-1)
T g =g ”qu<“bﬂ J(" ) <
(=12 ...M)

v

Eﬁﬂtug_Lﬁ?(#iji”qM)
st [|uy) || <oG=10000

ij

W — 4 AR
(=1, ..., M)

u)

B 1 AR RS (O-CNOPs) HIF£4T 51: P-CNOPs i FEA .

Fig.1 Flow chart of the P-CNOPs. P-CNOPs: parallel algorithm for
Perturbations).

4 S-CNOPs && fRiKie

4.1 It

AICKH “mEBRAT RE, BRI E Mk
WRZERIR TG AT et . o ekia
HA 7 50 d, SR JE M ATRL 4 1000 d A2 Btk S 2% =
D@, Hi=1,2,---32,j=1,2,--- , 16) [T A} = 5], M i%
B 18] 7 2 R B BR 20 d B — UCIR &S & A AE Y]
RE, BRI od, ) 50 MILRIRE . K IX Leq]
IR F AT 4> 10d, 193] 50 S TR LR Bk i
“EI3T (BN ERAE AN EE L,
0 6 h BIN—AN B A IEA 934 N(0,0.07%) I BEHLEL
Py 3 L 37y, 33K EEL M43 222 PRI B v 22 240 R S A S
HEZE 10%. K Mu and Jiang (2008) CH Y
#EA5 BoRLEME 771 (Four Dimensional Variational
Data Assimilation, f&FK 4DVAR) [FI4L 575 31
WG 7. VIR s hviE, BoaEi10d
RS iR XFTF 50 MM, 133 50 AR
o VIS B E RV ITRE, WG
IMRZER KD LICEE R, 18N o

computing O-CNOPs (Orthogonal Conditional Nonlinear Optimal

MR ZE PAFEAE S B S iRz, @
T 5 B ) PR A A TR AN e 1, PRI 75 R
LA TRAR [ 7 VEAS V13X P B BB AN B 8 1 5 B Tl
WA EME . AT S-CNOPs 7= A4 8 4 Tk 1
WILE . HAkHh, SHFREAAE], DL Tk
RHEE, H SPG2 RALEERM A (4) 153 S-
CNOPs. 7E58H 73K H L Ta R e s Va4 s =
WILEI ST B) A e e s, Bk LA R

lgll, = | @ dxdy, (8)

gl = | (VP + F |¢?pdxdy, 9)

H, ) leREREETEEL || 11, IRERLTEE, ot
TEREL

BTN HIBEE 48 ) O-CNOPs 50 1) 4% [ &5 ¥4 1
PACETTE] Ty BIEERBNHRIE 6 % VIS¢ (Duan and
Huo, 2016), PR BLAEARSCH, ARG 8] 2 51 B
T=2d. 3d, WIUEHBRNE S A 6=0.26,+ 0.45,
0.60,+ 0.860, Al 6, FLHIREL 10 B 70 H A FRATH
BT TAE (PErERIBEE SR, 2019) R, HEFFAERTIY
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O-CNOPs #L3)& Pigt g K A5, HEF 1S O-
CNOPs #ia e @b K e A KA g, Jodr, R
TR RGPS AL TR W Ua B B B R FBOR I 52
W BV, WEGTIREHEE, WiEEES
TR AT ERRAE R (Toth and Kalnay, 1993; YL
BN, 2019). 17 IE EAR ) 23 (M 4E40Ch 512 4,
DR e AS SO0 TRl 70 A, FHFRAMIlL, SRE
T A 82 4~ S-CNOPs. #RJ5, MiX 82 4> S-CNOPs
AT n A S-CNOPs, PLIEFLaIx R, #
F 2 nTE £ AR 01463 LR IE 2n DN XEFRY)
M6, MR 2n NMEG T, BN ERZ 23
SR R, — R N (N=2r+1) NMEA K
7, HoA N=15. 31. 45, 61. 75. 91. 105. 121.
135, 151, 165. N TP Geitsshit, XEA TR
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Fig. 2 Skills of ensemble forecasts based on the S-CNOPs (sequential algorithm for computing O-CNOPs) with optimization time intervals of 7=2 d
(red) and 3 d (blue) as a function of ensemble size: (a) RMSE (Root Mean Square Error); (b) ACC (Anomaly Correlation Coefficient); (c) BS (Brier
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black dashed lines in (a, b) represent RMSE and ACC of control forecast, respectively.
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abscissa x and the ordinate y represent the zonal and meridional coordinates respectively, and both are defined as dimensionless lengths.
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Fig. 6 Schematic diagram of ensemble forecast, where the red dot,
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forecast, control forecast and ensemble members, respectively.
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Fig. 7 The first five EOF modes (first to fifth line) of analysis error (left column) and ensemble mean perturbation (right column), where the abscissa

x and the ordinate y are as Fig. 5.
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x1 SIMREMESFHMABE EOF R EHFEMETE

Table 1 The variances and total variance of the first five EOF modes of analysis error and ensemble mean perturbation

Ji
EOF1 EOF2 EOF3 EOF4 EOF5 MIT%#
IIMTIREE 0.281 0.252 0.109 0.092 0.079 0.813
L5 HE) 0.284 0.217 0.155 0.093 0.049 0.798

®2 SIMREMETAA EOF RS K E FHIM M HEZSHI B RE

Table 2 The similar coefficients between the EOF modes of analysis error and the corresponding ones of ensemble mean

perturbation
AEL F 3L
EOF1 EOF2 EOF3 EOF4 EOF5
TR ZE —0.367 —0.233 —0.394 -0.458 —-0.411
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Table 3 The similar coefficients between the first four S-
CNOPs and their corresponding P-CNOPs
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at
0.04
0.02

0
-0.02
-0.04

1 2 3 4 5 6

az 0.04
JOLS \¢ 0.02
-0.02
-0.04

0.04
0.02

-0.02
-0.04

0.04
0.02

-0.02
-0.04

-0.05

0.04
0.02

-0.02
-0.04

0.05

-0.05

K10 BEHLAMEIRIED 4 4 (B5—2DU4T) S-CNOPs (F£51) FIXERif{) P-CNOPs (A5 %1) [IZS[AIZH, JLrhiEAkbr x FOYARER y R 5.
Fig. 10 The spatial structures of the first four S-CNOPs (left column) and their corresponding P-CNOPs (right column) for a random case, where the

abscissa x and the ordinate y are as Fig. 5.
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Fig. 14 Evolutions of ensemble forecast skills of S-CNOPs and P-CNOPs with respect to ensemble size N with the optimization time interval of 2 d
and perturbation magnitude of 6=0.2d,: (a) RMSE; (b) ACC; (c) BS for the event evl; (d) ROCA for the event ev1; (e) BS for the event ev2; (f) ROCA

for the event ev2. The skills are computed by averaging over 50 cases with all the lead times within 10 d. There are two clusters of bars in each figure

that correspond to S-CNOPs and P-CNOPs, respectively. The bars of different colors from left to right in each cluster of bars correspond to different

ensemble sizes from small (N=15) to large (N=165). The black dashed lines in (a) and (b) represent RMSE and ACC of control forecast, respectively.
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Fig. 15 Temporal evolutions of ensemble forecast skills of S-CNOPs (red) and P-CNOPs (blue) with the optimization time interval of 2 d,

perturbation magnitude of 6=0.26, and ensemble size N=135, where the skills are as Fig. 14.
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